The purpose of this note is to determine the Picard group of the moduli space of vector bundles over an arbitrary algebraic surface. Since Donaldson's pioneer work on using moduli of vector bundles to define smooth invariants of an algebraic surface, there has been a surge of interest in understanding the geometry of this moduli space. Among other things, the study of line bundles on this moduli space plays a major role in this area. One important question remain open until now is to determine the Picard group of this moduli space. This is known in some special cases, for instance for projective plane [St], ruled surfaces [Qi2, Yo] and K3 surfaces [GH]. In this note, we will settle this question by providing a general construction of line bundles that will include virtually all line bundles on this moduli space, when the second Chern class of the sheaves parameterized by this moduli space is sufficiently large. The construction is again based on Knudsen and Mumford's recipe of determinant line bundle construction. The new input from this note is that instead of using complexes on surface X we will use complexes on X × X, which yields all previously known line bundles as well as new ones. After this construction, we will use our knowledge of the first two Betti numbers of this moduli space to argue that this construction contains virtually all line bundles on this moduli space. The proof relies heavily on the Grothendieck-Riemann-Roch theorem and the knowledge of the singularities of the moduli space.
that for any d ≥ N there is a homomorphism
that has finite kernel and cokernel.
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Construction of line bundles on moduli spaces
We begin with a general construction of line bundles on moduli space of stable sheaves based on Knudsen and Mumford's determinant line bundle construction. One way of getting line bundles on the moduli space M is by forming (perfect) complexes on M × X out of the universal sheaf F and then take the determinant of its push-forward on M. This has been worked out by many people in various settings. It is interesting to observe that we can also construct complexes on M that are push-forwards of complexes on M×X ×X constructed based on π * 12 F ⊗π * 13 F , where π 12 , π 13 : M×X ×X → M×X are projections. In this way, we recover the previously known line bundles as well as a group of new line bundles. We will work out the detail of this construction in this section.
We begin with some word on the convention that will be used throughout this paper. We let X be a fixed smooth algebraic surface over complex numbers C and H a very ample line bundle on X. For any choice of I ∈ Pic(X) and d ∈ Z( ∼ = H 4 (X; Z)), we form the (coarse) moduli scheme of H-stable rank 2 sheaves E satisfying det E ∼ = I and c 2 (E) = d, which will be denoted by M H (I, d). (We will abbreviated it to M(I, d) when the choice of H is understood.) We will denote by M(I, d) the (coarse) moduli scheme of H-semistable sheaves satisfying the same restrain, modulo certain equivalence relation. Following Gieseker [Gi1] , M(I, d) is quasi-projective and M(I, d) is projective. Throughout this paper, we will use Roman letters to denote vector bundles and use Calligraphic letters to denote sheaves. We denote by A i X (resp. A i X) the Chow cohomology (resp. homology) group of X. For any sheaf, we denote byc i the Chern class taking value in the Chow cohomology group and by c i the Chern class taking value in the (ordinary) cohomology group. We denote by ch the Chern character taking value in A Now we construct line bundles on M(I, d). For the moment, we assume M(I, d) admits a universal family, namely a sheaf F on M(I, d) ×X flat over M(I, d) whose restriction to fiber {w} × X is isomorphic to the sheaf represented by w ∈ M(I, d). Note that the choice of universal family is not unique. Any two such families differ by tensoring a pullback invertible sheaf on M(I, d). Let K be the Grothendieck's group of X ×X and let K be the kernel of ξ : K → Z,
for some E ∈ M(I, d) and π i : X × X → X projection. (Here and later, we will use ⊠ to denote the tensor product of complexes.) We let p · be the projection from
) to its factor(s) with self-explanatory index. Then we can define a homomorphism
as follows: Since the universal family F is flat over M(I, d), F is a perfect complex on M(I, d)×X. Then for any element in K represented by a complex C on X × X, we can form the complex p * 23 C ⊠ p * 12 F ⊠ p * 23 F and the push forward complex
Following [KM] , we can define the determinant line bundle
The homomorphism (1.2) is the one sending C ∈ K to the line bundle (1.3). Observe that if we replace F by a different universal family, say
where ξ(C) is as in (1.1). Hence (1.2) is independent of the choice of the universal family since C ∈ K and then the homomorphism (1.3) is well-defined.
We will see shortly that the homomorphism (1.2) is far from injective. In the following we will use the Grothendieck-Riemann-Roch theorem (abbreviate GRR theorem) to give an explicit description of the image of (1.2). Since
by [Fu, Example 18.3.10] . By choosing C ∈ K, the summand in
is trivial and the summand in
We will use · [i] to denote its component in A i . A simple calculation shows that it is of the form
, for some α · ∈ A * (X × X) Q based on type consideration and
Hence (1.5), which is the Chern class of (1.3), is contained in the linear span of the images
It is easy to check that the image of (1.6) is contained in the image of (1.8) when 4d > I 2 , which we assume in the sequel. Thus the Chern class of (1.3) is contained in the image of (1.9)
that is a direct sum of (1.8) and (1.7).
We remark that since M(I, d) is singular in general, the homomorphism given by the first Chern classc
may have infinite kernel. However, (1.9) suggests that very likely there should be a homomorphism
compatible to (1.9) that will capture all (up to finite index) line bundles constructed in (1.3). Here σ : X × X → X × X is the map exchanging factor and Pic X × X σ consists of line bundles invariant under σ. We use Pic X × X σ instead of Pic X × X in (1.10) since the map (1.2) so constructed is σ invariant.
We now construct this homomorphism explicitly. We first let
and sending m ∈ Z to
where p 0 ∈ X × X is a fixed point and α ∈ Z[
] is chosen so that ψ(L) and ψ(m) lie in
] follows from L being σ-invariant.) Note that this choice gives
We then define Φ(α), α ∈ Pic X × X σ ⊕ Z, to be the Q -line bundle
This way we have defined
Φ is a homomorphism, which can be proved similar to that on page 422 of [Li1] despite ψ is not necessarily a homomorphism. (One hint that this is true comes from the identity ch
We shall omit the proof here since it is rather routine.
In the remainder of this section, we shall investigate how to define this homomorphism when there are no universal family on M(I, d) ×X and under what condition does it extend to
We will accomplish this by taking M(I, d) as a GIT quotient of a Quot-scheme and then apply the descent theory. Following [Gi1, Ma] , there is a Quot-scheme Quot with a linear G = SL(N ) action such that if we denote by Quot s (resp. Quot ss ) the open subset of G-stable (resp. G-semistable) points, then
Let E be a universal quotient family on Quot ss × X. Then we can define determinant line bundles on Quot ss as we did for M(I, d) by using the family E and complexes in K. Letp · be projections from Quot ss ×X × X to its factor(s) with self-explanatory index. Then for any C ∈ K, we get a line bundle on Quot ss :
(1.12)
s the stabilizer stab w ⊆ G of w acts trivially on the fiber of L(C) over w. For the same reason, it descends to M(I, d) if similar condition holds for all w ∈ Quot ss having closed orbits G · w.
Definition 1.1. An ample line bundle H is said to be
Proof. For stable point w ∈ Quot s , the stabilizer stab w is Z/N Z acting on E ⊗k(w) via multiplication by an N-th root of unity, say ǫ. Here E ⊗k(w) is the restriction of E to the fiber {w}×X. Then its induced action on L(C) w (which is the restriction to the fiber over w) is a multiplication by ǫ m , where m is given by (1.1) that is 0 since C ∈ K. Therefore by descent theory L(C) descends to M(I, d).
We now study descent problem on M(I, d). Let w ∈ Quot ss be a strictly semistable point with closed orbit G · w. Then E ⊗ k(w) is a direct sum of rank one sheaves, say F 1 ⊕ F 2 . If we further assume H is (I, d)-generic, then c 1 (F 1 ) and c 1 (F 2 ) differ by a torsion element. In this case, it is straight forward to check, as did on page 426 of [Li1] , that stab w acts trivially on L(C) w . Therefore, L(C) descends to M(I, d) as claimed.
Remark. When H is not (I, d)-generic, one can determine explicitly which line bundles do descend by using the descent argument, if one knows all strictly semistable sheaves.
Knowing that (1.12) always descends to M(I, d), we can define a homomorphism
that sends α in Pic X ×X σ ⊕Z to the descent of the determinant line bundle associated to the complex ψ(α). Similarly, if H is (I, d)-generic then the same construction yields a homomorphism
Injectivity of the homomorphism Φ
In this section, we will show that for sufficiently large d, the homomorphism
has finite kernel. The method we will use is to construct a variety W and a morphism
and show that the composition
has finite kernel, using GRR theorem.
The variety W we shall use is the one parameterizing non-locally free sheaves that are kernels of E → C x ⊕ C y , where E is fixed and x, y ∈ X are arbitrary closed points.
W will be birational to a P 1 × P 1 bundle over X × X. Let E be a rank two locally free sheaf on X and let P(E) be the associated projective bundle with projection π : P(E) → X (we adopt the convention in [Ha, p162] that π * O(1) = E) and let W be the blowingup of P(E) × P(E) along the diagonal. We first construct a sheaf on W × X flat over W . Let q i be the projection
ι i is a closed immersion. We let
be the homomorphism induced by
where π X : W ×X → X is the second projection. β is surjective away from S×X, where S is the exceptional divisor of W . We let G be the kernel of β and let Ω be the cokernel of G −→ π * X E. In this way, we obtain two exact sequences:
since coker(β) is isomorphic to the last term in (2.4).
We claim that G is a family of torsion free sheaves flat over W . Because of the exact sequence (2.3), it suffices to show that Ω is flat over W and
Tor Ω, O {w}×X = 0 8 for all closed w ∈ W . But this is clear from the exact sequence (2.4) because ι i (W ) ⊆ W × X is smooth over W , q * i O(1) is an invertible sheaf on W and ι i (W ) ∩ (S ×X) is a divisor in ι i (W ). This proves the claim.
Following the discussion in §1, we can form a homomorphism (2.5)
using the determinant line bundle construction outlined before (1.11) using the sheaf G over W × X and complexes
We will investigate the injectivity of this homomorphism by looking at their first Chern classes, using GRR. From the formula (1.5) and the one after, for
, where p · are projections from W ×X × X to its factor(s) with self-explanatory index.
Since fibers of p 1 are X × X, it suffices to determine
(2.6) modulo the kernel of p 1 * . We first determine ch(G). By using (2.3) and (2.4) we get
(π · is a projection from W × X to its factor.) Applying GRR theorem to the proper morphism ι 1 : W → W ×X, we obtain
Here the second identity holds because
In the following, we will choose a split E (i.e. E is a direct sum of invertible sheaves) to simplify our calculation. We assume det E = I. In this case, P(E) is isomorphic to
We now reorganize terms in the expansion of (2.6) in terms of (2.7) for split E. One term in the expansion of (2.6) is
which is contained in the kernel of p 1 * , following the vanishing of (1.1). (Recall p · is designated to projections from W × X × X to its factor, π · is projection from W × X to its factor and q · is projection from W to P(E).) The next terms are
, where (i, j) runs through pairs (1, 1), (1, 2), (2, 1) and (2, 2). After simplification, their images under p 1 * are
since L is invariant under permutation σ. Here q XX : W → X × X is the projection, ∆ ⊆ X × X is the diagonal,c 1 (L |∆ ) is in A 1 X by the isomorphism ∆ = X and π · : X × X → X is projection. Note that q * XXc 1 (L) appears in the expression.
We need to take care of the remainder terms. We first look at another series of terms
where (i,ī) is either (2, 3) or (3, 2). For simplicity, we let α 2 and α 3 ∈ A * (X × X) be such that −p *
. For our purpose, it is sufficient to look at their components in q * XX A 1 (X × X) under the decomposition
where R 1 , R 2 ⊆ W are birational to P 1 × {pt} × X × X and {pt} × P 1 × X × X respectively, S ⊆ W is the exceptional divisor of W → P(E) × P(E). (Recall W is a blowing up of .
To simplify these, we proceed as follows: Consider the projection f : W → X × X (from W → P(E) × P(E)) and the projection
Then by definition of ι 1 and ι 2 , we have
where π ij : X ×X ×X ×X → X ×X is a projection. Then the component in A 1 X ×X of (2.9) is the pull back (under q * XX ) of
, where Σ is a birational section of W → X × X. By projection formula, it is
.
Similarly, (2.10) is pr * 1 pr 2 * (α 3 ) + pr * 2 pr 2 * (α 3 ) [1] .
Note that σ * (α 2 ) = σ 3 , where σ is the permutation. Hence both are pr * 1 (α) + pr * 2 (α), α = pr 1 * (α 2 ).
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The image under p 1 * of the last set of terms in (2.6) contains factor ch ι i * q * i O(1) |S×X whose components in q * XX A 1 (X × X) are trivial. Put them together, we see that the component in q *
Now we look at the component in q *
in (2.6) with X × {x 0 } + {x 0 } × X ∨ and going through the same line of analysis, we see that there is a β ∈ A 1 (X) depending only on X and I such that the component in
thenc 1 (L) must be of the form pr * 1 c + pr * 2 c for some c ∈ A 1 (X) satisfying the identity (2.13)
where F : A 1 X → A 1 X is a map depending on X and I but not E, from (2.11) and (2.12). (The exact form of (2.13) can be derived easily from (2.11) and (2.12) but we choose not to in part to emphasize the term c 2 (E) c that is crucial in our later discussion.)
Now we state and prove the main proposition of this section:
Proposition 2.1. For any choice of (I, H), there is an N such that whenever d ≥ N , then the homomorphism
has finite kernel.
) Let W i be the variety constructed at the beginning of this section that is the blowing-up of P(E i ) × P(E i ) and let G i be the sheaf on
lies in the kernel of Φ W i in (2.5) for i = 1, 2, then n = 0 and L is torsion. Indeed, by the previous argument, Φ W i (L, n) = 0 implies thatc 1 (L) = pr * 1 c + pr * 2 c with c ∈ A 1 X satisfying two identities that are (2.8) with c 2 (E) replaced by c 2 (E 1 ) = 0 and by c 2 (E 2 ) = 0. Clearly, this is possible only if c is a torsion. Once we know that c is torsion, then Φ W (L, n) = 0 force n = 0, which can be checked directly. This establishes the claim. Now we prove the proposition. Let (L, n) be any element in the kernel of Φ. It suffices to show that Φ W i (L, n) = 0 for both i. Let E be either E 1 or E 2 . Then there is a constant N ≥ 0 such that for any d ≥ N there is a subsheaf F ⊆ E such that det F = I and c 2 (F ) = d satisfying the following property: F admits a deformation, say F t , whose general members are locally free and µ-stable. This can be proved as follows: First for large d, we can choose F ⊆ E so that the traceless part Ext 2 (F , F ) 0 = 0. Then we can deform F to locally free sheaves. When d is large enough and the support of E/F is in general position, then the argument on page 158 of [Gi2] shows that any locally free deformation of F are µ-stable. This proves the existence of such deformation. Now let 0 ∈ T be a smooth curve and F T a deformation of F 0 = F just mentioned. Without loss of generality, we assume F T is locally free over T − 0. Let Λ ⊆ X be the finite set over which F 0 is not locally free.
We now construct the corresponding family of varieties W T associated to F T . Let P(F T ) be the projective bundle of F T over T × X − {0} × Λ and let W T be the blowing-up of the diagonal of
Similar to (2.3), we can define a sheaf G T on W T × X that is flat over W T . Note that since F t is µ-stable for t = 0, the family G T * , T * = T −0, that is the restriction of G T to W T − W 0 (W 0 is the fiber over 0 ∈ T ) is a family of H-stable sheaves with determinant I and second Chern class d. Hence, it induces a morphism
Also, by applying the determinant line bundle construction to the family G T , we can form a homomorphism
similar to (2.5). Since this construction commutes with base change,
is trivial.
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Assume F ∨∨ = E is E 1 we begin with. Then W 0 is canonically isomorphic to W 1 − A for some closed A ⊆ W 1 of codimension two and further,
Hence for (L, n) ∈ ker Φ , Φ W 1 (L, n) is trivial as well, since codim(A) = 2 and W 1 is smooth. Similarly, if we choose F so that F ∨∨ = E 2 , then we must have Φ W 2 (L, n) = 0. This shows that Φ W i (L, n) are trivial for i = 1, 2 and henceforth establishing the proposition.
Surjectivity of Φ
In this section, we shall show that when H 2 (X, Z) has no torsion, then for sufficiently large d the so constructed homomorphism
has finite cokernel. The tactic we will use is to first show that under certain circumstances the restriction homomorphism
is surjective, by studying extension problem. We will then use the knowledge of the first two Betti numbers of M(I, d) to determine the Picard group of M(I, d), up to finite index.
We first look at the problem of extending line bundle on M(I, d) to M(I, d). This in general is rather tricky due to the singularities of M(I, d). In out case, we can give an affirmative answer to this problem because of our knowledge of singularities of M H (I, d). To this end, we will quickly review some relevant facts about the singularities of the moduli space M(I, d). Since the discussion of Pic M(I, d) will simplify when the polarization H is (I, d)-generic, we will work with a set of polarizations simultaneously. (Note that except when Pic(X)/Pic 0 (X) has rank one, no polarization is (I, d) generic for all d.) In the following, we will use M H (I, d) and M H (I, d) to denote the moduli schemes of H-stable and H-semistable sheaves respectively. Also, we will speak freely of moduli scheme for Q -ample line bundle H since M H (I, d) and M H (I, d) only depend on the ray
spanned by Chern classes of Q -ample line bundles. We say a neighborhood Proof.
(1) and (2) are proved on page 10 of [Li3] and (3) is proved on page 458 of [Li1] by using [Qi2] .
Lemma 3.6. Suppose H 2 (X, Z) is torsion free. Then for d ≥ N and (I, d)-generic H ∈ C, the pull back homomorphism
Proof. It is easy to see that µ is injective. Indeed, assume L is a line bundle on (I, d) ss and the G-linearization of π * L extends as well. The key observation is that L always descends to a line bundle on M H (I, d), under our assumption on H 2 (X; Z). To see this, we need to check that for any w ∈ Quot H (I, d) ss with closed orbit G · w and non-trivial stabilizer stab w , stab w acts trivially on the fiber of L over w. Indeed, since L is a line bundle, this action is given by a character
By (3) of Lemma 3.2, stab w can only take two forms, C * and P GL(2), unless it is trivial. Since P GL(2) has no non-trivial character, we are left to show that χ w is trivial even when stab w = C * . Following Drezet and Narasimhan [DN] , we know that if w 1 , w 2 are two points contained in the same connected component of 
is torsion, which is zero since H 2 (X, Z) has no torsions. Then we can deform F 1 ⊕ F 2 within the subset of split quotient sheaves in Quot H (I, d) ss , then within (3.1), to F ⊕ F . Therefore w and the pointw associated to the quotient sheaf F ⊕ F lie in the same component of (3.1). Therefore χ w = 0 because stabw = P GL(2) has no non-trivial characters. This proves that L descends to a line bundle on M H (I, d), which is an extension of L. This proves that Pic M H (I, d) → Pic M H (I, d) is surjective.
As a consequence of this lemma, we see that for large d, the divisor Λ ⊆ M H (I, d) consisting of non-locally free sheaves is Cartier when H is (I, d)-generic and H 2 (X, Z) is torsion free. In the following, we shall show that the condition H 2 (X; Z) has no torsion is unnecessary in this case, which is crucial in applying local Lefschetz theorem to study the Betti numbers of M H (I, d) carried out in [Li3] . Proof. Let k be the number of torsion elements (including 0) in H 2 (X, Z) and let π : X → X be a k-fold (unramified) covering so that H 2 ( X, Z) is torsion free. Let I = π * I andC ⊆ N + Q ( X) be the image in H 2 ( X, Q ) under pullback H 2 (X; Q ) → H 2 ( X; Q ).C ⋐ N + Q ( X) is precompact. Therefore there is an N such that for anỹ d ≥ N and H ′ ∈C, the moduli scheme M H ′ (Ĩ, kd) and the corresponding Quot-scheme Quot H ′ (Ĩ, kd)
ss satisfy the conclusion of Lemma 3.1 and 3.2. LetΛ ⊆ M H ′ (Ĩ, kd) be the closed subset of all non-locally free sheaves. Since π : X → X is a finite unramified covering, the morphism π : M H (I, d) −→ MH (Ĩ, kd)
induced by sending E ∈ M H (I, d) to π * (E) is an immersion, whereH = π * H. In particular, Λ = π −1 Λ . We claim thatΛ is Cartier near π(Λ). To establish this, following the proof of Lemma 3.6, we only need to show that for any split semistable sheaf E = F 1 ⊕ F 2 in Λ, π * (F 1 ) ⊕ π * (F 2 ) can be deformed within the set of splitting semistable sheaves in MH (Ĩ, kd) to F ⊕F . But this is always possible because c 1 (F 1 )− c 1 (F 2 ) is torsion implies c 1 π * (F 1 ) = c 1 π * (F 2 ) . ThereforeΛ is Cartier near π(Λ) and hence Λ = π−1(Λ) is Cartier. This completes the proof of the lemma.
We now state and prove the main theorem of this note. 
